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Lecture 1: Historical overview of quantum anomalies
including the path integral formulation

I presented a brief historical account of quantum anomalies,
in particular, chiral anomalies to those who may not be quite
familiar with the notion of quantum anomaly. I started with the
discovery of the failure of the equivalence of pseudo-scalar and
axial-vector couplings of the neutral pion to the proton in the
analysis of the radiative decay of the neutral pion just after the
completion of renormalizatin theory in 1949. The recognition
of the inevitable appearance of the chiral anomaly to account
for the neutral pion decay in the soft pion limit in 1969 was
then explained. The role of the Pauli-Villars regulaization in
the analyses of the chiral anomaly and also anomalies in the
gauge symmetry was reviewed. A further generalization of the
gauge anomalies to the gravitational anomalies and their role
in the superstring theory was mentioned. The formulation of
the Atiyah-Singer index theorem around the end of 1960s influ-
enced the later analyses of the topological properties of chiral
anomalies in an essential way. The topological consideration also
played an important role in the formulation of the path integral
approach to anomalous identities. The manifestation of general
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quantum anomalies in the form of the failure of the Noether’s
theorem due to quantum effects was explained.

Reference:
K. Fujikawa and H. Suzuki, Path Integrals and Quantum Anoma-
lies, (Oxford University Press, Oxford, 2004).

Lecture 2: Chiral symmetry and the representation of
general Ginsparg-Wilson algebra on the lattice

Reviewed in some detail how to evaluate the local index re-
lation, nemely, the chiral anomaly in continuum. I then com-
mented on its lattice counter term, namely, the Ginsparg-Wilson
relation which played a central role in the recent developments
in the analyses of chiral symmetry on the lattice. Although the
simplest form of the Ginsparg-Wilson realtion and its solution
are commonly studied in most of the literature on the subject, a
more general form of the Ginsparg-Wilson relation and its solu-
tion may be useful to understand the general idea involved in the
relation. I explained a generalized Ginsparg-Wilson algebra and
its implications for the analysis of chiral properties of fermions
on the lattice. In particular, I explained an interesting way
to realize the non-trivial index on the lattice: The total num-
ber of possible fermionic states is generally balanced between
left- and right-handed states on the lattice, but the those states
contributing to the index, namely, zero modes are unbalanced.
This unbalance is realized by the unbalance of the states which
have the maximum eigenvalue in the lattice fermion spectrum.
In the continuum limit where those heaviest states disappear
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from the spectrum in the Hilbert space, the conventional in-
dex associated with the zero modes is realized. This analysis
of generalized Ginsparg-Wilson operators may also have some
relevance to the recent analyses of the fourth-root prescriotion
of the Kogut-Susskind fermion operator.

References:
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lies, (Oxford University Press, Oxford, 2004).

Lecture 3: Quantum anomalies and geometric phases:
their basic differences

It is sometimes stated in the literature that the quantum
anomaly could be regarded as a kind of geometric phase. I
here explain that the differences between these two notions are
more profound and fundamental than the superficial similarity
between them. The analysis of the geometric term in quantum
mechanics is generally reduced to a simple diagonalization of
the Hamiltonian in the second quantized formulation. As an
explicit example which illustrates the basic difference between
the quantum anomaly and geometric phase, I analyze in detail
a quantum mechanical model due to M. Stone, which has been
proposed to show the equivalence of the geometric term and the
Wess-Zumino term. We show that the geometric term in the
model just corresponds to a naive manipulation in the fermionic
operator of ordinary field theory, and the geometric term, which
is topologically trivial in the practical Born-Oppenheimer ap-
proximation, has nothing to do with the anomaly induced Wess-
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Zumino term in field theory. I emphasized that a clear distinc-
tion between ”similar objects” and ”identical objects” is very
important.
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